In this paper, N -player linear quadratic differential games that are sign-indefinite for infinite horizon weakly coupled large-scale systems are discussed. After establishing the asymptotic structure and local uniqueness of the solution for cross-coupled signindefinite algebraic Riccati equations (CSARE), a new algorithm for solving CSARE is provided. It is shown that the proposed algorithm attains linear convergence. Moreover, in order to reduce the computational workspace, the recursive algorithm is combined. Finally, a high-order approximation strategy based on the proposed iterative solutions is described. As a result, it is newly proved that the numerical strategy achieves a high-order approximation of the equilibrium value. As another important feature, when the small parameters are unknown, a parameter-independent strategy is developed.
Introduction
Linear quadratic Nash games and their applications have been widely studied in many literatures (see e.g. [Starr and Ho 1969, Broek et al. 2003] ). In particular, the robust equilibria in indefinite linear quadratic differential games under the disturbance input affect-1
Problem Formulation
Consider the weakly coupled large-scale linear systems with N -playerṡ
E ij w j (t), 
By using above relations, the system (1) can be changed aṡ
where
The cost performance for each strategy subset is defined by ... , u N , w, x(0) )
The state weight matrices Q iε is symmetric and assumed to be sign-indefinite [Broek et al. 2003 ].
Furthermore, it should be noted that µ denotes a small positive parameter which is the same order for the parameter ε. That is, the following assumption is made.
Assumption 1
The ratio of the small positive parameters ε and µ is bounded by some positive constantsk.
It is now assumed that the parameters ε and µ are of the same order of magnitude, that is, their ratio is bounded by some positive constants. The reason for this is given as follows.
First, it is preferable that the connection between each control input and the input of the performance indices has the same order of the coupling parameter ε because the coupling parameter µ strongly depends on the connection of the systems. Moreover, even though these parameters have the same order of magnitude, the coupling parameter µ should be different from the coupling parameter ε such that the order of the connection can be changed by the control designer.
For the matrices A ε , B iε , i = 1, ... , N , the set F N is defined by
The soft-constrained Nash equilibrium strategy (F * 1ε , ... , F * N ε ) is defined as satisfying the following conditions [Broek et al. 2003 ].
for all x(0) and for all (F 1ε , ... , F N ε 
It should be noted that the following assumption guarantees the existence of the admissible strategy.
Assumption 2 Each player uses the linear feedback strategy
such that the closed-loop system is asymptotically stable for sufficiently small parameters ε and µ.
Obviously, this assumption is made in order to obtain a stable system. Using the fact studied by [Broek et al. 2003 ], the soft-constrained feedback Nash equilibrium is given below.Lemma 1 Assume that there exist N real symmetric matrices P iε and W iε , such that
It should be noted that if Q iε ≥ 0 and S ijε ≥ 0 for all i = 1, ... , N , the matrix inequality (7) is trivially satisfied with W iε = 0 [Broek et al. 2003 ].
In the following analysis, the basic assumption is needed. ... , N are stabilizable and detectable. 3 Asymptotic Structure of the CSARE Firstly, in order to obtain the strategy, the asymptotic structure of the CSARE (6) is established. Since A ε , S iε , S ijε and M iµ include the term of the small parameters ε and µ, the solution P iε of the CSARE (6), if it exists, must contain these parameters. Moreover, it should be noted that two parameters ε and µ are the same magnitude such that Assumption 1 holds. Taking these facts into account, the solution P iε of the CSARE (6) with the 6 following structure is considered [Shen et al. 1994 , Mukaidani 2006 .
Assumption 3 The triples
Substituting the matrices A ε , S iε , S ijε , M iµ , Q iε and P iε into the CSARE (6), letting ε = 0 and µ = 0, and partitioning the CSARE (6), the following reduced-order algebraic Riccati equations (AREs) are obtained, whereP ii , i = 1, ... , N be the 0-order solutions of the CSARE (6) as ε = µ = 0.
ii . It should be noted that since the CSARE (6) is continuous and differentiable in ε = µ = 0, there existP ii , i = 1, ... , N at ε = µ = 0. It should also be noted that the assumption that S ii − M ii is positive semidefinite because of H ∞ control problem setting is not needed.
In order to guarantee the existence of a positive semidefinite stabilizing solution of the ARE (9), the following condition is assumed.
Assumption 4
The ARE (9) has a positive semidefinite stabilizing solution such that
The asymptotic expansion of the CSARE (6) at ε = µ = 0 is described by the following lemma.
Lemma 2 Under Assumptions 1-4, there exist the small constants σ
* and ρ * such that for all ε ∈ (0, σ * ) and µ ∈ (0, ρ * ), the CSARE (6) admits a unique positive semidefinite solution P * iε that can be written as
Proof : The proof can be derived by using the implicit function theorem [Gajić et al. 1990] for the CSARE (6). Using the implicit function theorem, it can be shown that there exists a neighbourhood of ε = µ = 0 and a unique function P iε :=P i + O(ε). It should be noted 7 that under Assumption 4, since the solution of the reduced-order ARE (9) is unique (see e.g.
Theorem 13.5 of [Zhou et al. 1996] ),P i is a unique solution. Therefore, the CSARE (6) has a unique positive semidefinite solution P * iε under the sufficiently small parameters ε and µ.
Iterative Algorithm for Solving CSARE
In order to obtain the strategy, the following useful algorithm is given.
Consider the following iterative algorithm that is called Lyapunov iterations.
with the initial conditions
It has been shown that Lyapunov iterations yield the positive semidefinite stabilizing solution for the positive sign-definite CARE [Mukaidani 2006 ]. However, so far, there are no results for the convergence property for the CSARE (6). The following theorem indicates that the proposed algorithm which is based on Lyapunov iterations attain the linear convergence.
Theorem 1 Under Assumptions 1-4, there exist the small constantsσ andρ such that for
all ε ∈ (0,σ),σ ≤ σ * and µ ∈ (0,ρ),ρ ≤ ρ * , the iterative algorithm (11) converges to the exact solution of P * iε with the rate of the linear convergence, where
iε is positive semidefinite matrix and
iε is stable. That is, the following conditions are 8 satisfied.
Proof : The proof of this theorem can be derived by using the mathematical induction.
When k = 0, taking (10) into account, it is easy to verify that the first order approximations P * iε corresponding to the small parameters ε and µ are the same as P
iε . Moreover, since
.. , N , there exists the small perturbation parameter σ 0 such that
Subtracting (6) from (11a) and setting k = h, the following equations are satisfied.
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Using the fact that the assumption (14a) holds, it is easy to derive that
It should be noted that if i = j, P * iε S jε = O(ε) holds. Thus, the following relation is satisfied.
Taking into account the fact that the stability assumption (14b) holds and using relation (14a), the following result is satisfied.
Since there exist the ε-independent scalar parameters α and β such that
it is easy to verify that
Furthermore, using the relation (17), it is shown that there exists the small positive perturbation parameter σ h+1 such that
is stable. Consequently, choosingσ := min{σ 0 , ... , σ h+1 }, the relation (13b) holds for all k ∈ N. This completes the proof of Theorem 1 concerned with the Lyapunov iterations.
Using the asymptotic structure of the solutions (10), the local uniqueness of the convergence solutions is studied.
Theorem 2 Under Assumptions 1-4, there exist the sufficiently small constantsσ andρ
such that for all ε ∈ (0,σ),σ ≤σ ≤ σ * and µ ∈ (0,ρ),ρ ≤ρ ≤ ρ * , the convergence
iε is unique in the neighbourhood of ε = µ = 0.
Proof : First, under Assumptions 1-4, there exists the neighbourhood of ε = µ = 0 such that the CSARE (6) admits a unique positive semidefinite solution P * iε by means of the implicit function theorem (see the proof of Lemma 2). That is, for sufficiently small ε and µ, the CSARE (6) has a unique positive semidefinite solution P * iε . Taking into account the fact that the solutions P * iε of (10) and (13a) are equivalent, the iterative solution P On the other hand, the convergence solution may not be maximum solution. However, since the solution is unique in the neighbourhood of ε = 0, other solution cannot be used to the weakly coupled Nash games as long as the sufficiently small parameter ε is considered. As a result, it is worth pointing out that the convergence solutions satisfy the local uniqueness and the positive semidefiniteness in the neighbourhood of ε = 0.
It is well known that the CSARE (6) could have several positive definite solutions and even some indefinite solutions [Abou et al. 2003 ]. However, as long as the sufficiently small parameters ε and µ are chosen, the obtained iterative solutions guarantee the positive semidefiniteness and admissibility. Furthermore, the positive semidefinite stabilizing properties of the solutions obtained by means of the proposed algorithm are guaranteed [Li and Gajić 1994] .
When the ALE (11a) is solved, the dimension of the workspace asn := N ∑ i=1 n i larger than the dimensions n i , i = 1, ... , N is needed. Thus, in order to reduce the dimension of the workspace, a new algorithm for solving the ALE (11a) which is based on the recursive algorithm is established. Let us consider the following ALE (18), in a general form of theALE (11a).
In particular, the following special matrices X ε , Λ ε and U ε which are related to the ALE (18) are considered because the other case i = 2, ... , N can be changed into the similar form by using the similarity transformation T i , where
. . . . . . . . .
In order to guarantee the existence of the solution and the convergence of the algorithm, another assumption is needed.
Without loss of generality, it should be noted that the above assumption is satisfied automatically under the condition of Theorem 1.
In order to calculate briefly, the following partitioned matrices are introduced.
As a result, the ALE (18) can be changed as follows by partitioning.
It should be noted that the ALE (19) is quite different from the existing one [Gajić et al. 1990 ].
Moreover, Λ f is stable because Assumption 5 holds.
Defining approximation errors as
whereX
Substituting (20) into (19), the following ALEs for the matrices H 11 , H 1f and H f are derived.
Taking the form of (20) into account, the algorithm to solve the ALE (21) is given by (22) .
where k = 0, 1, ... ,
Consequently, the error equations (23) are true for all k ∈ N. This completes the proof of Theorem 3.
High-order Soft Constrained Nash Strategy
The required solution of the CSARE (6) exists under Assumptions 1-4. Moreover, it is very important to note that the iterative solutions P
iε by means of the Lyapunov iterations (11) satisfy the positive semidefiniteness, the local uniqueness in the neighbourhood of ε = 0 and the admissibility from [Li and Gajić 1994] . That is, these convergence solutions will satisfy the soft constrained Nash equilibrium properties (5) for sufficiently small parameter ε.
The attention is focused on the design of the high-order Nash equilibrium strategy for the sign-indefinite linear quadratic games. Such strategy is obtained by using the iterative solution (11a).
The degradation of the cost performance via the new high-order soft constrained Nash equilibrium strategy (29) is given as follows.
Theorem 4 Under Assumptions 1-4, the use of the high-order soft constrained Nash equilibrium strategy (29) results in (30)
Proof : When u
is used, the value of the cost performance is given by [Broek et al. 2003 
where Y iε is a positive semidefinite solution of the following ARE
Subtracting the CSARE (6) from the ARE (32), Z ε = Y iε − P iε satisfies the following ARE
Taking (13a) into account as P iε = P * iε , it is easy to verify that
Without loss of generality, using the similarity transformation T i , the following ARE is considered because the other case is similar.
Letting ε = µ = 0, the following reduced-order parameter independent algebraic Bernoulli equation (ABE) is given.
The ABE (36) is equivalent to the following reduced-order ABE by partitioning.
Taking into account the fact that
 has no eigenvalues on the imaginary axis andD 1 is stable under Assumption 4 and using the well-known result (see e.g. Theorem 13.5 of [Zhou et al. 1996] ), the reduced-order ABE (37) has a unique stabilizing solution
Thus, the following equation holds.
Hence, the solution (38) results in
Substituting (39) into (35), it follows that
Using the similar technique, the following relation holds.
Finally, continuing the above steps results in (41).
Therefore,
) because of the stability condition (13b) and the standard properties of the ARE. Hence
results in (30).
It should be noted that the above results and its proof are novel compared with the existing results [Mukaidani 2006 ].
In the rest of this section, an important implication is given. If the parameters ε and µ are unknown, then the following corollary is easily seen in view of Theorem 4.
Corollary 1 Consider the parameter-independent soft constrained Nash strategȳ
Under Assumptions 1-4, the use of the reduced-order strategy (44) results in (45)
Proof : Since the result of Corollary 1 can be proved by using the similar technique in
Theorem 4 under the fact that ||P iε −P i || = O(ε), the proof is omitted.
Numerical Example
In order to demonstrate the efficiency of the proposed algorithm, an illustrative example is given. The system matrices are given as follows. 
The small parameters are chosen as ε = 0.01 and µ = 0.005. It should be noted that the algorithm (11a) converges to the exact solution with accuracy of ||G (k) (ε)|| < 1.0e − 10 after five iterations, where algorithm (11a) has the linear convergence. On the other hand, it should be noted that the existence of more than one soft-constrained Nash equilibrium is possible because it is not a sufficiently small parameter as ε = 0.01.
Second, the norm condition (22) is evaluated. Choosing ε = 0.01 and µ = 0.005, the errors between the exact solution and the iterative solution per iterations are given in Table 2 . It should be noted that the result for the first iteration of the algorithm (11a) is demonstrated.
It can be found that the norm condition (23) for the numerical error of the algorithm (22) are true.
Finally, the costs using the near-optimal strategy (29) T . The cost functional-to-perturbation ε k+2 ratio for various ε and µ are given in Table 3 , where
with ε = 0.01, µ = 0.005, 
Conclusion
In this paper, N -player indefinite linear quadratic differential games for large-scale systems connected by a weak small positive coupling parameter have been studied. The main contribution of this study is to propose a new algorithm for solving the large-scale CSARE with a sign-indefinite quadratic term. Comparing with the existing result [Mukaidani 2006 ], the control input coupling of the performance indices has been newly considered. It is noteworthy that although the proposed design method is based on the Lyapunov iterations [Petrovic and Gajic 1988, Gajić et al. 1990 ] for solving the sign-indefinite CARE, the convergence rate has been newly proved as a linear convergence. Moreover, to reduce the computational workspace, the recursive algorithm has been combined. Finally, both fast convergence and a reduced-order calculation are attained. As another important feature, the asymptotic structure and local uniqueness of the solution for the CSARE has been proved.
It is well known that the implicit function theorem [Gajić et al. 1990 ] guarantees the existence of the small parameters σ * and ρ * such that for all parameters ε ∈ (0, σ * ) and µ ∈ (0, ρ * ), the CSARE admits a positive semidefinite stabilizing solution. However, there is no information about the magnitude of these coupling parameters which maintains the assertion.
Furthermore, the proposed algorithm may not converge under the large parameters ε andµ. These problems will be addressed in future investigations via the Newton-Kantorovich theorem [Yamamoto 1986 ].
